We complete the building-up construction for self-dual codes by resolving the open cases over GF (q) with q ≡ 3 (mod 4), and over Z p m and Galois rings GR(p m , r) with an odd prime p satisfying p ≡ 3 (mod 4) with r odd. We also extend the buildingup construction for self-dual codes to finite chain rings. Our building-up construction produces many new interesting self-dual codes. In particular, we construct 945 new extremal self-dual ternary [32, 16, 9] codes, each of which has a trivial automorphism group. We also obtain many new self-dual codes over Z 9 of lengths 12, 16, 20 all with minimum Hamming weight 6, which is the best possible minimum Hamming weight that free self-dual codes over Z 9 of these lengths can attain. From the constructed codes over Z 9 , we reconstruct optimal Type I lattices of dimensions 12, 16, 20, and 24 using Construction A; this shows that our building-up construction can make a good contribution for finding optimal Type I lattices as well as self-dual codes. We also find new optimal self-dual [16, 8, 7] codes over GF (7) and new self-dual codes over GF (7) with the best known parameters [24, 12, 9] .
2 Building-up construction for self-dual codes over GF (q) with q ≡ 3 (mod 4)
In this section we provide the building-up construction for self-dual codes over GF (q) with q ≡ 3 (mod 4), where q is a power of an odd prime. It is known [39, p. 193 ] that if q ≡ 3 (mod 4) then a self-dual code of length n exists if and only if n is a multiple of 4. Our building-up construction needs the following known lemma [28, p. 281 ].
Lemma 2.1. Let q be a power of an odd prime with q ≡ 3 (mod 4). Then there exist α and β in GF (q) * such that α 2 + β 2 + 1 = 0 in GF (q), where GF (q) * denotes the set of units of GF (q).
We give the building-up construction below and prove that it holds for any self-dual code over GF (q) with q ≡ 3 (mod 4). Proposition 2.2. Let q be a power of an odd prime such that q ≡ 3 (mod 4), and let n be even. Let α and β be in GF (q) * such that α 2 + β 2 + 1 = 0 in GF (q). Let G 0 = (r i ) be a generator matrix (not necessarily in standard form) of a self-dual code C 0 over GF (q) of length 2n, where r i are the row vectors for 1 ≤ i ≤ n. Let x 1 and x 2 be vectors in GF (q) 2n such that x 1 · x 2 = 0 in GF (q) and x i · x i = −1 in GF (q) for each i = 1, 2. For each i, 1 ≤ i ≤ n, let s i := x 1 · r i , t i := x 2 · r i , and Proof. We first show that any two rows of G are orthogonal to each other. Each of the first two rows of G is orthogonal to itself as the inner product of the ith row with itself equals 1 + x i · x i = 0 in GF (q) for i = 1, 2. The first row of G is orthogonal to the second row of G as x 1 · x 2 = 0 in GF (q). Furthermore, the first row of G is orthogonal to any (i + 2)th row of G for 1 ≤ i ≤ n since the inner product of the first row of G with the (i + 2)th row of G is (1, 0, 0, 0) · y i + x 1 · r i = −s i + s i = 0.
Similarly, the second row of G is orthogonal to any (i + 2)th row of G for 1 ≤ i ≤ n. We note that r i · r j = 0 for 1 ≤ i, j ≤ n. Any (i + 2)th row of G is orthogonal to any (j + 2)th row for 1 ≤ i, j ≤ n because the inner product of the (i + 2)th row of G with the (j + 2)th row is equal to y i · y j + r i · r j = (1 + α 2 + β 2 )(s i s j + t i t j ) = 0 in GF (q).
Therefore, C is self-orthogonal; so C ⊆ C ⊥ . We claim that the code C is of dimension n + 2. It suffices to show that no nontrivial linear combination of the first two rows of G is in the span of the bottom n rows of G. Assume such a combination exists. Then c 1 (the first row of G) + c 2 (the second row of G) = n i=1 d i (y i , r i ) for some nonzero c 1 or c 2 in GF (q) and some d i in GF (q) with i = 1, . . . , n. Then comparing the first four coordinates of the vectors in both sides, we get
, that is, we have αc 1 + βc 2 = 0. Similarly we also have −βc 1 + αc 2 = 0. From both equations αc 1 + βc 2 = 0, −βc 1 + αc 2 = 0, it follows that c 1 = c 2 = 0, a contradiction.
As the code C is of dimension n + 2 and dim C + dim C ⊥ = 2n + 4, C and
We give a more efficient algorithm to construct G in Proposition 2.2 as follows. The idea of this construction comes from the recursive algorithm in [1] , [2] .
Modified building-up construction
Under the same notations as above, we consider the following.
For each i, let s i and t i be in GF (q) and define y i := (s i , t i , αs i + βt i , βs i − αt i ) be a vector of length 4. Then
generates a self-orthogonal code C 1 .
• Step 2:
Let C be the dual of C 1 . Consider the quotient space C/C 1 . Let U 1 be the set of all coset representatives of the form x ′ 1 = (1 0 0 0 x 1 ) such that x ′ 1 · x ′ 1 = 0 and U 2 the set of all coset representatives of the form
• Step 3:
For any x ′ 1 ∈ U 1 and x ′ 2 ∈ U 2 such that x ′ 1 · x ′ 2 = 0, the following matrix
generates a self-dual code C over GF (q) of length 2n + 4.
Then, we have the following immediately.
Proposition 2.3. Let SD 1 be the set of all self-dual codes obtained from Proposition 2.2 with all possible vectors of x 1 and x 2 . Let SD 2 be the set of all self-dual codes obtained from the modified building-up construction with all possible values of s i and t i in GF (q) for
What follows is the converse of Proposition 2.2, that is, every self-dual code over GF (q) with q ≡ 3 (mod 4) can be obtained by the building-up method in Proposition 2.2.
Proposition 2.4. Let q be a power of an odd prime such that q ≡ 3 (mod 4). Any self-dual code C over GF (q) of length 2n with even n ≥ 4 is obtained from some self-dual code C 0 over GF (q) of length 2n − 4 (up to permutation equivalence) by the construction method given in Proposition 2.2.
Proof. Let G be a generator matrix of C. Without loss of generality we may assume that G = (I n | A) = (e i | a i ), where e i and a i are the row vectors of I n (= the identity matrix) and A, respectively for 1 ≤ i ≤ n. It is enough to show that there exist vectors x 1 , x 2 in GF (q) 2n−4 and a self-dual code C 0 over GF (q) of length 2n − 4 whose extended code C 1 (constructed by the method in Proposition 2.2) is equivalent to C.
We note that a i · a j = 0 for i = j, 1 ≤ i, j ≤ n and a i · a i = −1 for 1 ≤ i ≤ n since C is self-dual. Let α and β be in GF (q) * such that α 2 + β 2 + 1 = 0 in GF (q). We notice that C also has the following generator matrix 
Deleting the first four columns and the third and fourth rows of G ′ produces the following (n − 2) × (2n − 4) matrix G 0 :
We claim that G 0 is a generator matrix of some self-dual code C 0 of length 2n − 4. We first show that G 0 generates a self-orthogonal code C 0 as follows. The inner product of the first row of G 0 with itself is equal to
and similarly the second row is orthogonal to itself. For 3 ≤ i ≤ n − 2, the inner product of the ith row of G 0 with itself equals 1 + a i+2 · a i+2 = 0. The inner product of the first row of G 0 with the second row is αβa 3 · a 3 − αβa 4 · a 4 = 0. Clearly, for 1 ≤ i, j ≤ n − 2 with i = j, any ith row is orthogonal to any jth row. Now we show that |C 0 | = q n−2 , so C 0 is self-dual. First of all, we note that both vectors v 1 := a 1 + αa 3 + βa 4 and v 2 := a 2 + βa 3 − αa 4 in the first two rows of G 0 contain units. Otherwise, both vectors are zero vectors. Then a 1 = −(αa 3 + βa 4 ), then
, which is impossible since q is odd. So, v 1 is a nonzero vector, and hence it contains a unit. Similarly, it is also true for v 2 . We can also show that v 1 and v 2 are linearly independent. If not, v 1 = cv 2 for some c in GF (q) * . Then by taking inner products of both sides with a 1 , we have a 1 · v 1 = ca 1 · v 2 , so we get −1 = 0, a contradiction. Therefore it follows that G 0 is equivalent to a standard form of matrix
. Using the vectors x 1 , x 2 and the self-dual code C 0 , we can construct a self-dual code C 1 with the following n × 2n generator matrix G 1 by Proposition 2.2:
Clearly G 1 is row equivalent to G. Hence the given code C is the same as the code C 1 that is obtained from the code C 0 by the building-up construction in Proposition 2.2. This completes the proof.
Remark 2.5. Note that in the statement of Proposition 2.4 we do not have any condition on the minimum distance of C. In the middle part of the proof of Proposition 2.4 we have shown that G 0 has size (n − 2) × (2n − 4) and has dimension n − 2 without using the minimum distance of C.
Self-dual codes over GF (3)
We consider self-dual codes over GF (3). The classification of extremal self-dual codes over GF (3) was known up to length 24. For length n = 28, only 32 ternary extremal self-dual codes were known [25] , [19] (or see [26] ). In particular, W. C. Huffman [25] classified all [28, 14, 9] self-dual ternary codes with a monomial automorphism of prime order ≥ 5 and showed that there are exactly 19 such codes. Using Proposition 2.2 with the Pless symmetry code S(11) of length 24 (see [37] , [27] ), we find easily at least 673 inequivalent [28, 14, 9] [28, 14, 9] self-dual codes using S (11) self-dual ternary codes whose full automorphism group order is 2 i+1 , i = 0, 1, 2. Note that any ternary code has a trivial automorphism of order 2. We list only 20 of them in order to save space in Table 1 , where x 1 = (000000000021212121000000) and the 14 entries of the right side of x 2 are displayed in the second column, and the order of the automorphism group of the corresponding code is given in the last column. We note that by Construction A (see [7] , [22] , or Section 3.3, for example) the corresponding lattice Λ(C) of any ternary self-dual [28, 14, 9] code C produces an optimal Type I 28-dimensional unimodular lattice with minimum norm 3. On the other hand, Harada, Munemasa and Venkov have recently verified that there are exactly 6, 931 extremal self-dual codes over GF (3) [23] , using the classification of all the 28-dimensional unimodular lattices with minimum norm 3. For length n = 32, Huffman [25] classified all ternary [32, 16, 9] self-dual codes with a monomial automorphism of prime order r ≥ 5. He showed that r can be assumed to be r = 5 or r = 7. More precisely, he showed that there are exactly 239 inequivalent extremal self-dual ternary [32, 16, 9] codes with monomial automorphisms of prime order 5 and exactly 16 inequivalent extremal self-dual ternary [32, 16, 9] codes with monomial automorphisms of prime order 7. The equivalence between these two classes of codes was not done. Only one extremal self-dual [32, 16, 9] code with a trivial automorphism group Table 2 : New ternary [32, 16, 9] self-dual codes with trivial automorphism groups using G(C 28 ) with x 1 = (0000000000002121212100000000) [21] have found 53 more inequivalent extremal self-dual [32, 16, 9] codes whose automorphism group orders are divisible by 32. Therefore the currently known number of inequivalent extremal self-dual ternary [32, 16, 9] codes is 293 [21] . Using Proposition 2.2 with a ternary self-dual [28, 14, 9] code C 28 whose generator matrix G(C 28 ) is given below, we find at least 945 inequivalent [32, 16, 9] self-dual ternary codes, each of which has a trivial automorphism group. These are not equivalent to the selfdual [32, 16, 9] code with a trivial automorphism group in [20] . We have stopped running Magma [6] and expect that there will be more such codes. We list only 20 of them in order to save space in Table 2 , where the 16 entries of the right side of x 2 are displayed in the second column.
We summarize our result as follows.
Proposition 2.6. There are at least 1238 inequivalent extremal ternary self-dual [32, 16, 9] codes, 946 of which have trivial automorphism groups. 
Self-dual codes over GF (7)
Next we consider self-dual codes over GF (7) . The classification of self-dual codes over GF (7) was known up to lengths 12 (see [12, 13, 24, 38] ). The papers [12, 13] used the monomial equivalence and monomial automorphism groups of self-dual codes over GF (7). Hence we also use the monomial equivalence and monomial automorphism groups. On the other hand, the (1, −1, 0)-monomial equivalence was used in [38, Theorem 1] to give a mass formula:
where N (n) denotes the total number of distinct self-dual codes over GF (7). In particular, when n = 16, there are at least 785086 > N (16)/2 16 16! inequivalent self-dual [16, 8] codes over GF (7) under the (1, −1, 0)-monomial equivalence. It will be very difficult to classify all self-dual [16, 8] codes. In what follows, we focus on self-dual codes with the highest minimum distance.
For length n = 16, only ten optimal self-dual [16, 8, 7] codes over GF (7) were known [13] . These have (monomial) automorphism group orders 96 or 192. We construct at least 214 self-dual [16, 8, 7] codes over GF (7) by applying the building-up construction to the bordered circulant code with α = 0, β = 2 = γ and the row (2, 5, 5, 2, 0), denoted by C 1,1 in [12] . We check that the 207 codes of the 214 codes have automorphism group orders 6, 12, 24, 48, 72, and hence they are new. On the other hand, the remaining seven codes have group orders 96 or 192, and we have checked that six of them are equivalent to the first four codes and the last two codes in [13, Table 7 ], and that the remaining one code is new. We list 20 of our 214 codes in Table 3 , where x 1 and x 2 are given in the second and third columns respectively, Table 3 : New [16, 8, 7] self-dual codes over GF (7) using C 1,1 in [12] # x 1 = (0 . . . 0x 1 . . . x 12 ) x 2 = (0 . and A 7 and A 8 are given in the last column so that the Hamming weight enumerator of the corresponding code can be derived from the appendix of [13] .
Theorem 2.7. There exist at least 218 self-dual [16, 8, 7] codes over GF (7).
For length 20 only one optimal self-dual [20, 10, 9] code over GF (7) is known [12] , [13] . It is an open question to determine whether this code is unique.
For length 24 there are 488 best known self-dual [24, 12, 9] codes over GF (7) [13] . It has been confirmed [17] that the 488 codes in [13] (only 40 codes are shown in [13] ) have non-trivial automorphism groups. On the other hand, we have found at least 59 self-dual [24, 12, 9] codes over GF (7), each of which has a trivial automorphism group. To do this, we have used the bordered circulant code over GF (7) with α = 2, β = 1 = γ and the row (4, 6, 3, 6, 6, 1, 4, 3, 0) , denoted by C 20,1 [12] . We list 10 of our 59 codes in Table 4 , where x 1 and x 2 are given in the second and third columns respectively, and A 9 , . . . , A 12 are given in the last column so that the Hamming weight enumerator of the corresponding code can be derived from the appendix of [13] . We therefore obtain the following theorem. Theorem 2.8. There exist at least 547 self-dual [24, 12, 9] codes over GF (7). 3 Building-up construction for self-dual codes over finite chain rings
Finite chain rings
A finite commutative ring with identity = 0 is called a chain ring if its ideals are linearly ordered by inclusion. This means that it has a unique maximal ideal, i.e., that it is a local ring. Let R be a finite chain ring, m the unique maximal ideal of R, and γ the generator of the unique maximal ideal m. Then m = γ = Rγ, where Rγ = γ = {βγ | β ∈ R}. We have R = γ 0 ⊇ γ 1 ⊇ · · · ⊇ γ i ⊇ · · · . This chain cannot be infinite, since R is finite. Therefore, there exists a positive integer i such that γ i = {0}. Let e be the minimal number such that γ e = {0}. We call e the nilpotency index of γ. Let C be a linear code over a finite chain ring R of length n. Then its generator matrix is equivalent to the following generator matrix G:
Let |R| denote the cardinality of R and R * the set of all units in R. We know that R * is a multiplicative group under the multiplicative operation of R. Let F = R/m = R/ γ be the residue field with characteristic p, where p is a prime number. This implies that there exist integers q and r such that |F| = q = p r , and F * = F − {0}. This implies that |F * | = p r − 1. See [35] for codes over chain rings.
The following theorem is the building-up construction for self-dual codes over a finite chain ring R with the property that there exist α and β in R * such that α 2 + β 2 + 1 = 0 in R.
Proposition 3.1. Let R be a finite chain ring. Suppose that there exist α and β in R * such that α 2 + β 2 + 1 = 0 in R. Let G 0 = (r i ) be a generator matrix (not necessarily in standard form) of a self-dual code C 0 over R of length 2n, where r i are the row vectors with 1 ≤ i ≤ k for some positive integer k. Let x 1 and x 2 be vectors in R 2n such that x 1 · x 2 = 0 in R and 
generates a self-dual code C over R of length 2n + 4.
Proof. The proof is very similar to that of Proposition 2.2. It is straightforward to see that C is self-orthogonal, so C ⊆ C ⊥ . By the exactly same reasoning as the proof of Proposition 2.2, we can show that no linear combination of the first two rows of G (with scalars in R) is in the span of the bottom n rows of G. It thus follows that |C| = |R| 2 |C 0 |. Since |C 0 | = |R| n , we have |C| = |R| n+2 . Furthermore, we have
The following proposition shows that the converse of Proposition 3.1 also holds for chain rings where there exist α and β in R * such that α 2 +β 2 +1 = 0 in R. That is, every self-dual code over such a chain ring can be obtained by the method given in Proposition 3.1. In fact, the following result over chain rings is a general version of Proposition 2.4 over finite fields, and its proof requires the property of chain rings. Proposition 2.4 is certainly a corollary of Proposition 3.2, but the proof of Proposition 2.4 is simpler than that of Proposition 3.2; thus we treated the finite field case in Section 2 separately due to its simplicity. Proposition 3.2. Let R be a finite chain ring. Suppose that there exist α and β in R * such that α 2 + β 2 + 1 = 0 in R. Any self-dual code C over R of length 2n with n even ≥ 4 and free rank ≥ 4 is obtained from some self-dual code C 0 over R of length 2n − 4 (up to permutation equivalence) by the construction method given in Proposition 3.1.
Proof. It is sufficient to show that there exist vectors x 1 , x 2 in R 2n−4 and a self-dual code C 0 over R of length 2n − 4 whose extended code C 1 (constructed by the method in Proposition 3.1) is equivalent to C. Let G be a generator matrix of C in a standard form as follows: 
Clearly C also has the following generator matrix G ′ :
Deleting the first four columns and the first and second rows of G ′ produces the following (k − 2) × (2n − 4) matrix G 0 :
We claim that G 0 is a generator matrix of some self-dual code C 0 of length 2n − 4. First of all, we observe that G 0 generates a self-orthogonal code C 0 ; this follows easily from the following facts: a i · a j = 0 for 1 ≤ i < j ≤ k, a i · a i = 0 for 5 ≤ i ≤ k, a i · a i = −1 for 1 ≤ i ≤ 4, and α 2 + β 2 + 1 = 0 in R. Next we note that the R-span of the bottom k − 4 rows of G has size |R| n−4 as the first 4 rows of G have R-span size |R| 4 . Thus the R-span of the bottom k − 4 rows of G 0 also has size |R| n−4 . Hence to show that |C 0 | = |R| n−2 , we prove that (a) both vectors v 1 := a 1 + αa 3 + βa 4 and v 2 := a 2 + βa 3 − αa 4 give free rank 2 (that is, the R-span of {v 1 , v 2 } has size |R| 2 ) and that (b) only the zero vector in the R-span of {v 1 , v 2 } is in the R-span of {a 5 , . . . , a k }.
For the part (a), unlike the finite field case, showing that {v 1 , v 2 } is linearly independent over R is insufficient since the R-span of {v 1 , v 2 } does not necessarily give size |R| 2 . Instead we show in detail that v 1 and v 2 give free rank 2 as follows. We first note that both vectors v 1 , v 2 contain unit components. If not, i.e., v 1 contains no unit components, then v 1 = γw for some w in R 2n−4 with γ the generator of the unique maximal ideal m of R; so a 1 · a 3 = (−αa 3 − βa 4 + γw) · a 3 . Thus we get −α = γ(w · a 3 ), and this shows that a unit −α is contained in m, a contradiction. Similarly, it also holds for v 2 . In fact, both v 1 , v 2 contain at least two unit components; otherwise, v 1 has only one unit component, say u 1 . Then since v 1 · v 1 = 0, we have u 2 1 + γz = 0 for some z in R, which implies u 2 1 ∈ m, a contradiction. This is also true for v 2 . Furthermore, we can show that v 1 = uv 2 for any u in R * in exactly the same way as in Proposition 2.4. Hence, it follows that the R-span of {v 1 , v 2 } is free of rank 2. For the part (b), suppose that
Hence c j = 0 for j = 1, 2 as required.
Therefore we have |C 0 | = |R| n−2 , that is, C 0 is self-dual. The rest of the proof is the same as that of Proposition 2.4.
Galois Rings
One of the important examples of chain rings is a Galois ring. In [31] we give the buildingup method for self-dual codes over Galois rings GR(p m , r) in all the cases except the case p ≡ 3 (mod 4) with r odd. We complete the missing case by using Proposition 3.1 and Proposition 3.2 as follows. Proof. It suffices to show it for the case p ≡ 3 (mod 4). By Propositions 3.1 and 3.2, we know that the building-up method works over Galois rings GR(p m , r) if there exist α and β in GR(p m , r) * such that α 2 + β 2 + 1 = 0 in GR(p m , r). In fact, we have Z p m ⊆ GR(p m , r). It is therefore enough to show that when p ≡ 3 (mod 4), there exist α and β in (Z p m ) * such that α 2 + β 2 + 1 = 0 in Z p m . If p ≡ 3 (mod 4), then by Lemma 2.1 there exist α and β in Z * p such that α 2 + β 2 + 1 = 0 in Z p . We notice that 2 and α are units in Z p i for any positive integer i. From [9, Lemma 3.9] , it follows that x 2 m + y 2 m + 1 = 0 in Z p m for any integer m ≥ 1, where x m and y m are defined recursively as follows: We first let
, where 0 ≤r 1 < p,
An easy calculation shows that x 2 2 + y 2 2 + 1 ≡ 0 (mod p 2 ) and x 2 , y 2 ∈ Z * 3.3 Self-dual codes over Z 9 and their lattices
In this section we consider self-dual codes over a Galois ring R = GR(3 2 , 1) = Z 9 and reconstruct optimal Type I lattices of dimensions 12, 16, 20, and 24 using Construction A, which is described below (see [3, 7, 11] ).
Definition 3.4. (Construction A) Let m be any integer greater than 1. If C is a self-dual code of length n over Z m , then the lattice
is an n-dimensional unimodular lattice with the minimum norm µ = min{
m , m}, where d E (C) denotes the minimum Euclidean weight of C.
From Proposition 3.3 there exist α and β in R * such that α 2 + β 2 + 1 = 0 in R. We take α = 2 and β = 2. For example, {(1, 0, 2, 2), (0, 1, 2, −2)} generates a self-dual code C 1 over Z 9 of length 4 with minimum Hamming weight 3.
By using Proposition 3.1 starting from C 1 with x 1 = (1, 3, 5, 0) and x 2 = (3, 8, 0, 4), we find the following generator matrix G 2 of the self-dual code C 2 over Z 9 of length 8 with minimum Hamming weight 3. Its Hamming weight enumerator is W 2 (x, y) = x 8 + 16x 5 y 3 + 48x 4 y 4 + 240x 3 y 5 + 1072x 2 y 6 + 2688xy 7 + 2496y 8 .
In what follows, we construct free self-dual codes over Z 9 of lengths 12, 16, and 20 all with minimum Hamming weight 6. These codes can be regarded as codes over GF (3) by taking each coordinate modulo 3. It is easy to see that the latter codes, called the residue codes Res(C), are self-dual over GF (3). In general, one can show that the residue code Res(C) of a free self-dual code C over Z 9 is also self-dual over GF (3) and that the minimum Hamming weight d(C) is the same as that of Res(C). (In fact, it is known [10, 35] 
where Tor(C) = {v (mod 3) | 3v ∈ C}. Since Tor(C) = Res(C) for a free self-dual code C over Z 9 , the claim follows.) Our self-dual codes over Z 9 given below will attain the highest possible minimum Hamming weight 6 which free self-dual codes over Z 9 of lengths 12, 16, and 20 can attain; it was known that the largest Hamming weight of self-dual codes over GF (3) of lengths 12, 16, and 20 is 6 [26] .
Applying Proposition 3.1 to G 2 , we obtain self-dual codes of length 12 with Hamming weight 6. We list eight inequivalent self-dual codes in Table 5 , where the six entries of the right side of x 1 and x 2 respectively are displayed in the second column and in the third column, the fourth column gives the number A 6 of codewords with minimum weight 6, and the last column gives the minimum norm of the corresponding lattice. By Construction A, we obtain the unique optimal Type I lattice of dimension 12 [7, 11] . As far as we know, only one self-dual code over Z 9 of length 12 with Hamming weight 6 is obtained by lifting the extended ternary Golay [12, 6, 6 ] linear code to a code over Z 9 [5, 16] , and this code has A 6 = 264, which shows that our codes in Table 5 are certainly new.
In particular, the first code in Table 5 has generator matrix given as follows: 
Similarly, using Proposition 3.1 with G 3 , we obtain many inequivalent self-dual codes of length 16 with Hamming weight 6 and A 6 = 230 + 6t for t = 0, 1, . . . , 19. Table 6 presents twenty of them, where the eight entries of the right side of x 1 and x 2 respectively are displayed in the second and the third column. By Construction A, we obtain the unique optimal Type I lattice of dimension 16 [7, 11] . As an example, the self-dual code C 4 (denoted by No. 1 in Table 6 ) over Z 9 of length 16 with Hamming weight 6 has the following generator matrix G 4 : 
Using Proposition 3.1 with G 4 , we obtain many inequivalent self-dual codes of length 20 with Hamming weight 6 and distinct values of A 6 . In Table 7 we display ten such codes, where τ denotes the kissing number of the corresponding lattices Λ(C). From the three distinct kissing numbers, we know that we have constructed at least three of the 12 inequivalent optimal Type I lattices of dimension 20 (see [7, Ch. 16] or [11] ). It is interesting to note that in Table 7 the lattice Λ(C) from the 10th code with τ = 120 has |AutΛ(C)| = 31310311587840 while the others with τ = 120 have |AutΛ(C)| = 4299816960000. Hence we have constructed at least four of the 12 inequivalent optimal Type I lattices of dimension 20. The first code in Table 7 has the generator matrix G 5 as follows: Applying Proposition 3.1 to G 5 produces several inequivalent self-dual codes of length 24 with Hamming weight 6. Their corresponding lattices Λ(C) have minimum norm 3, and thus each must be the odd Leech lattice. We list three codes in Table 8 where the twelve entries of the right side of x 1 and x 2 respectively are written in the second and the third column.
Conclusion
We have completed the open cases of the building-up construction for self-dual codes over GF (q) with q ≡ 3 (mod 4) and over Z p m and Galois rings GR(p m , r) with p ≡ 3 (mod 4). We have also generalized the building-up construction for self-dual codes to codes over finite chain rings. As a result, the building-up construction works over any finite fields GF (q), finite rings Z p m , and Galois rings GR(p m , r).
We have seen that the building-up construction is a very efficient way of finding many self-dual codes of reasonable lengths. In particular, we construct 945 new extremal self-dual ternary [32, 16, 9] codes with trivial automorphism groups, and we obtain new optimal selfdual [16, 8, 7] codes over GF (7) and new self-dual codes over GF (7) with the best known parameters [24, 12, 9] . We also construct many new self-dual codes over Z 9 of lengths 12, 16, 20 all with minimum Hamming weight 6, which is the best possible minimum Hamming weight that free self-dual codes over Z 9 of these lengths can attain. Furthermore, from the constructed codes over Z 9 , we are able to reconstruct optimal Type I lattices of dimensions 12, 16, 20, and 24 using Construction A. We conclude that our building-up construction can provide a nice way of constructing optimal Type I lattices as well as self-dual codes.
